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We investigate the nonclassicality of several kinds of nonclassical optical fields such as 
the pure or mixed single photon-added coherent states and the cat states in the photon-loss 
or the dephasing channels by exploring the entanglement potential as the measure. It is 
shown that the long-time decay of entanglement potentials of these states in photon loss 
channel is dependent of their initial quadrature squeezing properties. In the case of photon- 
loss, transition of long-time decay rate emerges at the boundary between the squeezing 
and non-squeezing initial non-gaussian states if log-negativity is adopted as the measure of 
entanglement potential. However, the transition behavior disappears if the concurrence is 
adopted as the measure of entanglement potential. For the case of the dephasing, distinct 
decay behaviors of the nonclassicality are also revealed. 

PACS numbers: 03.67.-a, 03.65.Ud 
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I. INTRODUCTION 

Recently, the relations between non-classicality of opti- 
cal fields and the entanglement have been intensively in- 
vestigated. It is shown that nonclassicality is a necessary 
condition for generating inseparable states via the beam 
splitter 1]. Based on them, a measure called the en- 
tanglement potential for quantifying the non-classicality 
of the single-mode optical field has been proposed 
The entanglement potential is defined as the entangle- 
ment achieved by 50:50 beam splitter characterized by 
the unitary operation Ubs — e J 3 L ( atb + afct ) acting on the 
target optical mode a and the vacuum mode b. Suppose 
a quantum field is in the state p a , then the two-mode 
entanglement in the state Ussipa ® \^b}(0b\)U^ s is re- 
garded as its value of nonclassicality. Throughout this 
paper, log-negativity is explored as the measure of en- 
tanglement potential if without additional notification. 
The log-negativity of a density matrix p is defined by [3j 



7V(p) = log 2 ||p r 



(1) 



where p T is the partial transpose of p and \\p* 
the trace norm of p T , which is the sum of the singular 
values of p r . For any single mode pure states of quan- 
tum optical fields, their values of nonclassicality are ex- 
actly equivalent to their mixedness at characteristic time 
jt = In 2 of those quantum optical field in the vacuum 
environment (see Appendix A). 

When the nonclassical optical fields propagate in the 
medium, they inevitably interact with their surrounding 
environment, which causes the dissipation or dephasing. 
Therefore, how a nonclassical optical field losses its non- 
classicality in the dephasing or dissipative channel is very 
desirable. The photon loss channel is the simplest one 
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of the general gaussian channels. Any quantum states 
in photon loss channel eventually asymptotically decay 
into the vacuum state, which is "classical" in the field of 
quantum optics. 

The photon-added coherent state was introduced by 
Agarwal and Tara [|| . Recently, the single photon-added 
coherent state (SPACS) is experimentally prepared by 
Zavatta et al. and its nonclassical properties are detected 
by homodyne tomography technology Such a state 
represents the intermediate non-Gaussian state between 
quantum Fock state (with zero photon-number fluctua- 
tion but random phase) and classical coherent state (with 
well-defined amplitude and phase). In Refs.0-(1|, we have 
investigated the entanglement potential and negativity of 
the Wigner function of SPACS in photon loss channel. In 
short time, both of them exhibit similar behaviors. How- 
ever, the Wigner functions become positive when the de- 
cay time exceeds a threshold value. The threshold decay 
time is the same for arbitrary pure or mixed nonclassical 
optical fields with zero population in vacuum state Q. 
Thus one can not utilize the negativity of the Wigner 
function to quantify the long time behavior of the non- 
classicality. 

One of the characteristics of the photon-loss channel 
is any nonclassical states can not encounter finite-time 
sudden death of nonclassicality in photon loss channel. 
In this paper, we investigate the nonclassicality of sev- 
eral kinds of nonclassical optical fields such as the pure 
or mixed single photon-added coherent states and the 
superposition of coherent states in photon-loss or de- 
phasing channels by exploring the entanglement poten- 
tial as the measure. Different long-time decay rates 
of entanglement potential are found. It is shown that 
the photon-loss channel can cause three different kinds 
of long-time exponential decay rates: e~ 7 * for initial 
quadrature squeezed states; e -27 * for initial nonclassi- 
cal states without quadrature squeezed; and e -37 */ 2 for 
the boundary states between squeezing and no squeezing 
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states. 

This paper is organized as follows: In Sec. II, the non- 
classicalities measured by entanglement potential of some 
kinds of nonclassical states in photon-loss channel, the 
simplest gaussian channel, are analyzed. A initial squeez- 
ing induced transition-like behavior of the long time de- 
cay rate of the entanglement potential is revealed. In 
Sec. Ill, The influence of the dephasing on the nonclas- 
sicality of single-photon-added coherent states is investi- 
gated and shown the initial SPACS can not completely 
loss its nonclassicality even in the asymptotical sense. 
In Sec. IV, several conclusive remarks are given. In ap- 
pendix A, it is shown that the entanglement potentials of 
one-mode pure states are completely equivalent to their 
mixedness achieved at the threshold decay time = In 2 
in the photon-loss channel. 



II. SQUEEZING INDUCED TRANSITION OF 
LONG-TIME DECAY RATE OF 
NONCLASSICALITY IN PHOTON LOSS 
CHANNEL 

Let us first briefly recall the definition of photon-added 
coherent states. We are interested in the dynamical be- 
havior of the nonclassicality of the photon-added coher- 
ent states (PACS) in the dissipative channel or dephas- 
ing channel. The photon-added coherent state was firstly 
proposed by Agarwal and Tara and was experimen- 
tally prepared by Zavatta et al. |5(. The PACS is de- 
fined by |$ am ) = , 1 a) m \a), where la) is the 

coherent state with the amplitude a and cv (a) is the 
creation operator (annihilation operator) of the optical 
mode. N(a,m) = m\L m {— |a| 2 ), where L m (x) is the 
mth-order Laguerre polynomial. When the PACS evolves 
in the photon loss channel, the evolution of the density 
matrix can be described by Q 



d P 7i / + 

Tt = -2 {2apa 



a) ap - 



pa' a) 



(2) 



where 71 represents the dissipative coefficient. The corre- 
sponding non-unitary time evolution density matrix can 
be obtained as 



Pit) 



1 



E 



(1 - e~^ lt ) k 



m\L m (-\a\ 2 ) ^ k\ 
L{t)a k a^ n \a){a\a m cJ k L{t), 



(3) 



where L(t) = e -h^ taia . 

For the dissipative photon-added coherent state in 
Eq.(3), the total output state passing through a 50/50 
beam splitter characterized by the unitary operation 
e f «(a t f)+af) t ) w ith a vacuum mode b can be obtained 

00 ( -lit i\k 
Ptot = D a (t)D b (t)e-™^e^-^-V £ (e ~ 1} 



k=0 



E k E^ m 1 00) {m\E m E^ k Dl (t)D\ (t) , (4) 



where D a (t) = e ^a(t)a+-^a*(t)a &nd = 



e 2 



vJi Q ( t ) 6 t + vJi Q *( t)b 



are the displacement operators of the 
modes a and b, respectively, where a(t) = ae" 71 '^ 2 . 
E = — + ae~? Jlt . The local unitary operators 
can not change entanglement, therefore, we only need to 
consider the entanglement of the mixed state given as 
follows: 

1 _ -^t j n | a ( e -»'-i) y t e z±l 

Ptot - e e fci 

fc=0 



£: fc £ tm |00)(00|£; m £; tfe . 



(•5) 



2jt E k E^ m ~ 1 ' > 
{a(t)) k E^\00} 



It is obvious that E and E* satisfy the commutation 
relation [E,&] = 1. By using this commutation rela- 
tion, we can simplify p' tot . EE'"" 
kE k - 1 E^ m - 1 \ E k Ei\00) = 

A:(a(t)) fc - 1 |00). Here, we confine our attention in the 
case of single quantum excitation of the classical coher- 
ent field, i.e. the single photon-added coherent state with 
m = 1. 

For the dissipative SPACS in Eq.(3), the non- 
classicality of the evolving density matrix is equivalent to 
the non-classicality of superposition of the single-photon 
Fock state and vacuum state if the non-classicality is 
measured by entanglement potential. The evolving den- 
sity matrix in Eq.(5) can also be written as 



Ptot 



-^ia[J|10)<10| + i|01)<01| 



1 + H 2L 2' 

+1|01><10| - ||10><01j + ^ a * e ^|00)(10| 

_^ a * e ¥|0Q)(01| + ^ae^|10)(00| 

+ ^ae^|01)(00| + (e^ 1 * - 1 + la^e" 1 ' 1 *) |00> (00|] . 

(6) 

The log-negativity of the above density matrix can be 
analytically solved as 



E p = log 2 (l - - 



2 X e 



-71* 



r). 



(7) 



where \ 1S the unique negative root of the equation 



8x 3 + (4-8e 7l *(l + |a| 2 ))x 2 -(6+4e 7lt (|a| 2 -l))2; + l = 0. 

(8) 

Though the unique negative root of the above equation 
can be analytically obtained, its expression is compli- 
cated. From Eqs.(7-8), it is easy to see that the dissipa- 
tive SPACS is always nonclassical for any large but finite 
decay time. In Fig.l, we have plotted the log-negativity 
as the function of 71 1 and \a\. It is shown that the entan- 
glement potential decreases with 7^, and also decreases 
with \a\ at short time. In Fig. 2, we can see that the 
entanglement potential exhibits an exponential decay in 
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the most of the dissipative time. For \a\ ^> 1, the entan- 
glement potential exhibits an exponential decay with the 
loss index 



£ p (t)~log 2 (l + 



3-71* 



1 



-71* 



a 



V " In 2 lal 2 + 1 



(9) 



for any time scale. For \a\ = 1, in short time, 



.1 1 



E p (t) = log 2 |r + -< 



71* 

3 ' 6~ 

1 cos(6» + — )^9e" 2 ^* + (4 - e -^*) 2 |J0) 
3 3 



where 



1 3^/6 + 3eTi*(12 + eTi*(16e7i* - 3)) , 

3 arCtan( _i4 + e 7i*(33 + 8e^ t (4e^ t -3)) ' 



(11) 



However, for long time scale, E p (t) ~ log 2 (l + ^e I 71 *) ~ 
_L_ e -f7i* p or | a | — o, the EP of the single-photon 
Fock state follows a general curve 



E p (t) = log 2 (e" 71 * + Vl - 2e-^* + 2e- 2 ^ f ) (12) 
Initially, EP decreases linearly with time 

7i t 



7it < 1 E p (t) « 1 



ln2 : 



(13) 



SPACS exhibits the quadrature squeezing when \a\ > 1. 
Here, we can obtain the corresponding relation between 
the quadrature squeezing and the entanglement potential 
of long time dissipative SPACS with \a\ > 1 as 



E P {t) 



lz^L -7i* 

2 In 2 



(14) 



when 7it > max[l, In ^t^JJ ], where 



. (*a,l|^|*a,l> ™ ((* a ,l|^l^«.l)) 5 

(T,: = mm — 

0£[O,27T] 



n 



3 



1 



(15) 



is the minimal variance of quadrature operator 



ae 



We^) of the initial pure SPACS. However, for 



the cases with \a\ < 1, the long time EP is given by 



E p (t) 



1 



-27i* 



81n2(l + |a| 2 )(l- \a\ 2 ) 2 '- 



(16) 



when 7ii 3> max[l,ln /{M^fi^ ]- From the above discus- 
sions, we understand that the long-time decay behaviors 
of the EP of photon-loss SPACSs depend on \a\ and a 
sharp transition of the decay rate emerges at the critical 
value | a | = 1. In Ref. 2], the EP of the general gaussian 
squeezing state in photon loss channel has been derived 
and shown that the long time behaviors of EP of gen- 
eral gaussian nonclassical states is proportional to e -71 *, 



but not e -271 * or e~^ 7lt . Thus, we can draw the first 
remark that photon dissipative SPACSs with initial pa- 
rameter |a| > 1 loss their nonclassicality like the gaussian 
nonclassical states in the long time scale, while photon 
dissipative SPACSs with initial parameter \a\ < 1 loss 
their nonclassicality like the single-photon Fock state. It 
will be further conjectured that the long time decay rates 
of the nonclassicality are determined by the fact whether 
their states have quadrature squeezing or not. 
We then consider the initial mixed states 



P 



r a t |a)(a|a + (1 -p)\a)(a\ (17) 



Pm 



in the photon loss channel. These initial mixed states 
have quadrature squeezing if |a| > \a\ c = ^ 2 p-i an< ^ P ■ > 
i . The non-classicality of pm measured by entanglement 
potential can be obtained as 

2r)TP~ 7lt 

Ep (p M )=log 2 (l-^ T j-^), (18) 

where r is the unique negative root of the equation 

8x 3 - (4 + 8p)x 2 -(2-4(1,+ 16i/)x + 1 = 0, (19) 
where 

1 



(i = -e^(l + \a\ 2 ) - 1, 
P 

v = -M 2 e 7lt . 



(20) 



It is easy to verify that the dissipative state is always 
nonclassical for any large but finite time. The transition 
of long time behavior of EP occurs at \a\ = \a c \ = ^ 2p _ x 

as p > i. For 7 X i » 1, 



\a\ < K| : E p (t) oc e" 27lt 
\a\ = \a c \ : E p (t) ex e"i 7lt 



\a\ > \a c \ : E p (t) cx e 
Furthermore, we can also derive the 



7i* 



(21) 



2 2p(l + (l-2p)|q| 2 ) 

VxKP) = H ,-, , I I2\2 \ Z2 > 



(1 + |q 



for the mixed state in Eq.(17), which is smaller than 1 
when | a | > ^ 2 p-i an< ^ P > 5" ^ n ^ s rG gi° n i the long 
time dynamical behavior of EP can be written as 



7i* > 1 



Ep ( t ) « Lz^lM e -7i* ; 

pV ' 21n2 



(23) 



However, those states in Eq.(17) with |a| < 

p < i are always out of the neighbor of the set of gaussian 
nonclassical states in photon-loss channel. In Fig. 3, the 
InE'p calculated based on Eqs. (18-20) is depicted as the 
function of p and \a\ at a long decay time 71* = 9. It ex- 
plicitly outlines the transition behavior of the long time 
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decay rate of log-negativity for those states in Eq.(17) 
with or without quadrature squeezing. It is also consis- 
tent with the results in Eq.(21). 

In what follows, we pay our attention to the long time 
decay behavior of entanglement potential of the cat states 
in photon loss channel, which exhibits the squeezing- 
dependent long time decay rate too. The cat states are 
described by 

|*) = -L(|a>+e*|-a)), (24) 



where N is the normalization constant N — 2 + 
2 e -2\a\ cos (<^ |^r^ has quadrature squeezing as cos</> > 

cos<?!> c = — e 2 1 ^ I . The dynamical behaviors of EP of the 
optical field initially prepared in \^f) in the photon loss 
channel are calculated, and the results are shown in the 
Figs. (4-5). In Fig. 4, we plot the EP of the photon loss 
cat states as the function of 71 1 for several different val- 
ues of cj> and \a\. When cos0 > — e~ 2 ' Q ' , the initial cat 
states in Eq.(24) exhibit the quadrature squeezing and 
their long time EP can be derived as 



7 ii»l: E p (t) « e~^\ (25) 

where er 2 = 1 — 4 ^ a j J- 1 tf c ° s ^ is the minimal quadra- 
te (e^l Q l +cos0) J 

ture fluctuation normalized by the ordinary coherent 
state. When cos</> < — e~ 2 l Q l , the long time EP is pro- 
portional to the e -271 *. For large \a\, at intermediate 
times |2a|~ 2 < 71 i <C 1, the EP of the cat states are 
given by [2| 

e -2 7l t| Q | 2 

Ep {t) ~ (l + e - 2 l«l 2 cos(0))ln2 ' (26) 

It can be observed in Fig. 4 that the EPs of the cat states 
with the same amplitude \a\ but different relative phase <p 
firstly decrease with the rule in Eq.(26), then at a thresh- 
old time, the bifurcation occurs and the relative phase 
4> dominates the long time decay patterns of the EPs. 
In the inset of Fig. 4, the EPs of the cat states at de- 
cay time 7xt = 15 is plotted as the function of relative 
phase 4>. The long time decay rate of the EP slightly 
decreases with cj> from zero to ^ and abruptly declines at 
<f> = arccos(— e~ 2 ). In Fig. 5, the natural logarithm of EP 
at time 71 1 = 10 is plotted as the function of \a\ and cj). It 
is shown that the long time decay rate of the EP under- 
goes a transition at cos <p c = — e~ 2 l Q l . The threshold line 
at which the long time decay rate of the EP undergoes 
a transition is just the boundary between quadrature- 
squeezing initial cat states and no-quadrature-squeezing 
initial cat states. 




FIG. 1: The entanglement potential of the dissipative sin- 
gle photon-added coherent state is plotted as the function 
of the dissipative time 7it and the parameter \a\. Ini- 
tially, EP decreases linear with time E v (t) = log 2 ( ^|°L ) — 

In 2 (2+|t*P) a ' lb - 
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FIG. 2: The entanglement potential of the dissipative single 
photon-added coherent state is plotted as the function of the 
dissipative time 71 1 for five different values of \a\. It is shown 
that the non-classicality approximately exponentially decays 
with 71 1 and the decay rate decreases with \a\. From the 
inset, explicit transition-like behavior of the long time decay 
rate of the E p can be found at \a\ — 1. 



III. NONCLASSICALITY IN THE DEPHASING 
CHANNEL 

When the PACS evolves in the dephasing channel, the 
evolution of the density matrix can be described by 

J = ^{2a)a P (Ja - [a^afp - p(a*a) 2 ), (27) 

where 72 represents the dephasing coefficient. The corre- 
sponding non-unitary time evolution density matrix can 



FIG. 3: The lnE p of the mixed states of Eq.(17) in photon 
loss channel is plotted as the function of the parameter p and 
the parameter \a\. jit = 9. 




FIG. 4: The E p of the cat states in photon loss channel are 
plotted as the function of 71 i with \a\ — 1 for several different 
values of the relative phase 4> of the initial states. For the case 
with \a\ = 1, (Solid line) = 0; (Dash line) <f> = 0.5; (Dot 
line) <j> = 1.0; (Dash dot line) <f> = 1.5; (Dash dot dot line) 
(j> = 2.0; (Short dash line) <f> = 2.5; (Short dot line) <j> = 3.0. 
For the case with \a\ = 3, (Solid line) <f> — 0; (Dash line) 
cj> = 0.5; (Dot line) <j> = 1.0; (Dash dot line) (j> = tt/2; (Dash 
dot dot line) <j> = 2.0; (Short dash line) <j> = 2.5; (Short dot 
line) (j> = 7r. In the inset, the entanglement potential is shown 
as the function of the relative cj> with 71* = 15 and \a\ = 1. 
An abrupt transition can be found at w 1.7. 



be obtained as 

e -M a 



m!L m (~|a| 2 ) 



OO OO 

EE 



k=0 n=0 

e-5T 2 *( fe -") 2 |fc + m)(n + m|. 



fc!n! 



FIG. 5: The ln(£ , p ) of the cat states in photon loss channel are 
plotted as the function of |q| and cj> with 71 1 = 10. An abrupt 
decline of the natural logarithm of entanglement potential at 
such a long time can be observed at cos</> = — e~ 2 ' a . 



i(aH+ab r ) w ith a vacuum mode b can be obtained 

_ | a |2 x x) k+m n+m 

Ptot = m!L m (-|a| 2 ) E E E E 

mv 1 1 ; fe=0n=0 j=o ;=o 

(fc + m)!(n + m)!^^™^-^- 2 ^^-") 2 

|fc + m — j,j)(n + m — l,l\ 



(29) 



(28) 



Here, we confine our attention in the case of single quan- 
tum excitation of the classical coherent field, i.e. the 
single photon- added coherent state with m = 1. For the 
states in Eq.(29) with m = 1, the EP is calculated and 
the results arc displayed in Fig. 6. It is shown that, in the 
dephasing channel, the non-classicality quantified by EP 
decreases with the dephasing time and stays in a station- 
ary value depending on the seed beam intensity \a\ 2 . The 
decay rate of the non-classicality at short time increases 
with \a\ 2 which can be explicitly seen from Fig. 7. In the 
inset, we also plot the total absolute decrement of EP of 
SPACS during the dephasing channel, which is defined by 
AE p = E p (0) — E p (oo). It can be found that AE p firstly 
increases from zero to a maximal value, then decreases 
with the further increase of \a\. The maximal value of 
AEp is achieved at \a\ w 0.65. Though SPACS is consid- 
ered to be very near the coherent state when |cv| tends to 
very large, the zero-time derivative of non-classicality of 
the dephasing SPACS exhibits an incompatible behavior 
with the picture that a)\a) tends to coherent state when 
\a\ — > 00. 



IV. CONCLUSIONS 



For the dephasing photon-added coherent state in 
Eq.(28), the total output state passing through a 50/50 
beam splitter characterized by the unitary operation 



In summary, we have investigated the nonclassicality of 
several kinds of nonclassical optical fields such as the pure 
or mixed single photon-added coherent states and the cat 
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FIG. 6: The entanglement potential of the dephasing single 
photon-added coherent state is plotted as the function of the 
dissipative time 72 1 for six different values of |a|. 
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FIG. 7: The entanglement potential of the dephasing photon- 
added coherent state in Eq.(28) is plotted as the function of 
the dephasing time 72 1 for six different values of \a\. The 
absolute decrements of EP as the function of \a\ are shown in 
the inset for the dephasing SPACS. 



states in the photon-loss or the dephasing channels by ex- 
ploring the entanglement potential as the measure. It is 
shown that the long-time decay rates of entanglement po- 
tentials of these states in photon loss channel are depen- 
dent of their initial quadrature squeezing properties. In 
the case of the photon-loss, the transition of the long-time 
decay rate emerges at the boundary between the squeez- 
ing and non-squeezing initial non-gaussian states if log- 
negativity is adopted as the measure of entanglement po- 
tential. These examples explicitly show the long time de- 

1 — 2 + 

cay of the log-negativity EP is proportional to 91 ^ 2 e ~ 
with a 2 the minimal quadrature fluctuation normalized 
by coherent state of the initial states, if the initial states 
has quadrature squeezing. This result is a generalization 
of the results in Ref. Q from gaussian squeezing states to 
nongaussian squeezing states. These examples also show 



the long time decay of the log-negativity EP of the ini- 
tial nonsqueezing state in the photon loss channel obeys 
the decay rule e~ 2llt . For the boundary states between 
squeezing and nonsqueezing, their long time decay of the 
log-negativity EP obeys the decay rule e~^ lxt . 

However, this kind of transition- like behavior is 
measure-dependent. We have also adopt the concurrence 
as the measure of entanglement potential for the case 
of the SPACS in the photon loss channel, the transition 
behavior disappears. Recent studies have revealed very 
deep relations between the violation of uncertainty rela- 
tion and the negative partial-transpose states [llj]. It is 
conjectured this squeezing-induced transition behavior of 
long time decay rate of the log-negativity EP exists for 
more nonclassical nongaussian states in the photon loss 
channel if their minimal quadrature fluctuation is robust 
enough against the photon loss. 

For the case of the dephasing, distinct decay behaviors 
of the nonclassicality are also revealed. For the dephasing 
channel, the non-classicality of SPACS is very robust and 
the optical field eventually evolves a stationary nonclas- 
sical state. The smaller the amplitude of initial SPACS, 
the larger the nonclassicality of the corresponding sta- 
tionary state. The decay rate of the non-classicality at 
short time increases with |a|. 

In the Refs.[|j], it has been demonstrated that quan- 
tum excitation of arbitrary optical fields can always ex- 
hibit partial negative Wigner function which will be de- 
stroyed and eventually completely disappear at the same 
decay time jt c = In 2 in the photon-loss channel (vacuum 
environment). Based on the discussion in Appendix A, 
one can easily draw the following conclusion: If mea- 
sured by entanglement potential, the nonclassicality of 
the quantum excitation of any pure single mode optical 
fields is completely equivalent with the necessary volume 
of information (quantified by von- Neumann entropy) pro- 
vided by the vacuum for completely removing the nega- 
tive Wigner probability distribution. 



APPENDIX A: THE EQUIVALENCE BETWEEN 

NONCLASSICALITY OF A PURE 
NONCLASSICAL STATE AND ITS MIXEDNESS 
ACHIEVED IN PHOTON-LOSS CHANNEL 

In this appendix, we discuss the equivalence between 
two concepts for any pure single-mode optical fields, non- 
classicality quantified by entropic entanglement potential 
and photon-loss-induced mixedness quantified by von- 
Neumann entropy. Assume EEP is the entropic entan- 
glement potential of an arbitrary single-mode pure state 
\%jj a ) = ^^Lq d n \n) . According to the definition of en- 
tropic entanglement potential in Ref. Q , the EEP of any 
single-mode pure states are given by the von-Neumann 
entropy of the reduced density operator which is de- 
scribed by 



Pr 



^b[UBs\1>a)(%\®\Wb\Ul S ] 



(30) 



7 



where U BS = e^^ b+ab ^ 

For any single mode pure states, the measure of non- 
classicality is exactly equivalent to the mixedness of the 
quantum held undergoing the photon loss with a fixed 
characteristic time in the vacuum environment. For clar- 
ifying it, we only need to recall the equivalence between 
the master equation describing the photon loss in the 
vacuum environment in the interaction picture and the 
linear loss of beam splitter model [T3| • For self-containing 
of the discussion, we outline its main derivation in what 
follows. The analytical solution of the master equation 
describing the photon loss, 

^ = ^(2apa f - a)ap - pa ] a), (31) 
can be written as 

= E r -!-e-- a a a n P {0)a) n e-- a a . (32) 

n=0 ' 

While the reduced density operator of mode a in the 
two-mode states produced by the 50/50 beam splitter 
injected by the single mode quantum field in the pure 
state p(0) = |V , a)('0a| and an auxiliary vacuum state, can 
be calculated as 

^[UBs(\1>a)Wa\®\<k)(0b\Ms] 
oo 

= ( n b\UBs(\4>a)(lpa\ ® \0 b )(0 b \)Ul s \n b ) 

"•6=0 



"t=0 U » ] 
oo 1 

= E ^(Vb\UB S B n »(\^ a )(iP a \®\0 b )(0 b \)B^Ul s \0 b } 

n Tib- 

Tl b =0 

oo 1 

= E ^^(^\UBsa nb (m(^a\^\0 b )(0 b \)a^Ul s \0 b ) 

rib=0 
oo 1 

= E 7^—,e-^ a a n ^ a )^ a \a^e-^ a , (33) 

"6=0 

where B = ^-b + i^a. In the derivation of the last step, 
we have used the formula (O b \UBs\®b) — (®b\Ug S \0 b ) = 

We can see that the last term in Eq. (33) exactly equal 
to the p(t) in Eq.(32) with t = — . The mixedness char- 
acterized by the Von-Neumman entropy of the decohered 
state p(^-^) exactly equals to the two- mode entanglement 
produced by the 50/50 beam splitter injected by the sin- 
gle mode quantum field in the pure state p(0) = |V , a)('0a| 
and an auxiliary vacuum state. 

This equivalence implies that, the larger the nonclas- 
sicality of a single mode quantum field, the more fragile 
its purity against decoherence caused by the photon loss 
in vacuum environment. 
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